We introduce a weakening of the generalized continuum hypothesis, which we will refer to as the prevalent singular cardinals hypothesis, and show it implies that every topological space of density and weight ℵ ω 1 is not hereditarily Lindelöf.
Introduction
Background. The Generalized continuum hypothesis (GCH) states that 2 ℵ α = ℵ α+1 for any ordinal α, and is a common assumption in diagonalization arguments. The idea is that using GCH, one can set up a "short" list of objects and then diagonalize against them all.
For instance, GCH implies the existence of a Luzin set, that is, an uncountable set of reals whose intersection with any meager set is countable. The standard proof enumerates all F σ meager sets-by GCH there are only ℵ 1 many of them-and then it is possible to inductively construct the Luzin set L = {x α : α < ω 1 } so that it eventually "runs away" from them all.
Evidently, this proof does not use the full force of GCH, but only the property cof(M) = ℵ 1 , that is, the existence of ℵ 1 many meager sets such that any meager set is contained in at least one of them.
In this paper, we isolate a consequence of GCH which we will refer to as the Prevalent Singular cardinals Hypothesis (PSH). While it is somewhat more technical to state, it is like the assumption cof(M) = ℵ 1 , in that it asserts the existence of a "small" collections of sets with a nice covering property.
Unlike cof(M) = ℵ 1 , however, PSH is a very weak assertion and all currently known methods for violating statements of similar flavor, will fail to violate the PSH (see [2] ). Nevertheless, in this paper, this weak hypothesis is utilized to decide the interplay between several basic properties of topological spaces such as density and weight.
Recall that the density of a topological space X, τ is defined to be d(X) := min{|D|: D ⊆ X is dense in X} + ℵ 0 and its weight is defined as w(X) := min{|B|: B ⊆ τ is a basis for X} + ℵ 0 . J.T. Moore solved the L-space problem, establishing: [4] .) There exists a regular topological space X, τ , being hereditarily Lindelöf and
In the problem session of the Logic in Hungary 2005 conference, Juhász asked whether one can (consistently) "replace" ℵ 1 with ℵ ω 1 in the preceding. At that time, it was already known that G. Sági's structures of ultratopologies [7] supplies an example if the space is not required to be regular: [6] .) Suppose that μ ℵ 0 < ℵ ω 1 for all μ < ℵ ω 1 . Then there exists a T 1 space X, τ , being hereditarily compact and d(X) = ℵ ω 1 .
Recently, an affirmative answer has been obtained: From reasons that we describe in [5] , we were interested in improving Theorem 1.2 in a different direction; instead of improving the separation properties of the space, we aimed at lowering the weight of the space to its minimal possible value, that is, to have
However, the main result of this paper is the following: 
Finally, let us emphasize that all topological results established in this paper assumes no separation axioms on the subject spaces. 
Results

Definition 2.1 (External cofinality)
. For a family of sets A, we say that A is unbounded, and denote it by ecf(A) = ∞, iff sup{|A|:
If A is bounded, that is, not unbounded, let:
where B :
Evidently, ecf(A) = ecf(A), and ecf(A) cof(A) |A| whenever the family A is bounded.
Definition 2.2. Suppose F ⊆ P(X) for a set X, and θ, μ denote cardinals. We say that F is pinned iff there exists some
We say that F is θ -pinned iff F is (θ, μ)-pinned for some μ < |X|.
Clearly, (θ, μ)-pinned implies (θ , μ )-pinned whenever θ θ and μ μ. Notice that F is pinned iff it is |F|-pinned. In particular, considering ∞ as a symbol greater than any cardinal, F is pinned iff it is ∞-pinned. Finally, if f : A → F is some function and F is |A|-pinned, then F ∩ f "A is pinned. The next lemma shows that-under appropriate assumptions-the cardinality of A is allowed to be arbitrary large; as long as ecf(A) is small, F ∩ f "A would still be pinned.
Lemma 2.3. Assume X is a set, f : P(X) → P(X) is some function, and F ⊆ P(X). If there exists a function
Remark. To gain intuition on the assumptions of this lemma, think, for example, of F as a uniform filter over an infinite set X, f as the identity function, and g which is defined by g(B, Y ) := B \ Y for all B, Y ∈ P(X).
Proof of lemma. Fix A ⊆ P(X).
If ecf(A) = ∞ and F is ∞-pinned, then trivially F ∩ f "A is pinned. Suppose now ecf(A) = ∞ and that F is ecf(A)-pinned. Pick a bounded family, A , of cardinality ecf(A) with A ⊆ A . Then F is |A |-pinned, and it suffices to show that F ∩ f "A is pinned.
Pick μ < |X| large enough so that 
Proof. Suppose that A and F are like in the hypothesis. We may assume that A = ∅, and hence ∅ ∈ F . Let 
Y ∩ f (B) = ∅, we have B ⊆ g(A, Y ) for all A ⊇ B. Recalling that f (B) ∈ F and the definition of F , we get that f (g(A, Y )) ∈ F .
Finally, since F is ecf(A)-pinned, we get that F ∩ f "A is pinned. In particular, F ∩ { i∈A B i : A ∈ A} is pinned. 2 Definition 2.5. Suppose F is a family over a cardinal λ. For a function ψ : P(λ) → P(λ), we say that F is ψ -untacked iff ∅ / ∈ F and for any A ∈ [λ] <λ , there exists some B ∈ F with ψ(A) ∩ B = ∅. We say that F is nontrivial iff it is ψ -untacked for ψ the identity map.
Lemma 2.6. Suppose that λ is a singular cardinal, F ⊆ P(λ), and ψ : P(λ) → P(λ) is a pre-closure, i.e., A ⊆ B
If F is ψ -untacked, then there exists some F ⊆ { U: U ⊆ F} which is ψ-untacked, but also λ-pinned. It is not hard to see that whenever ψ is a pre-closure over a cardinal λ, then any ψ-untacked family F ⊆ P (λ) is nontrivial and satisfies |F| λ. The next theorem deals with the case of |F| = λ, the latter being singular.
Proof. For any
A ⊆ λ, let U A := {B ∈ F: ψ(A) ∩ B = ∅}. Put F := {U A : A ∈ [λ] <λ }. Evidently, F is ψ -untacked. We shall show that F is (λ,
Theorem 2.7. Suppose that λ is a singular cardinal, and F ⊆ P(λ) is nontrivial. If |F| = λ, bijectively enumerated as F = {B i : i < λ}, then for any A ⊆ P(λ) with ecf(A) λ, the following holds:
Proof. Put G := { i∈A B i : A ∈ A} and let F ⊆ { i∈A B i : A ⊆ λ} be as in the previous lemma, that is F is nontrivial, but λ-pinned. By Corollary 2.4 and the fact that F is ecf(A)-pinned, we get that F ∩ G is pinned.
Pick
Since F is nontrivial, there exists some V ∈ F such that V ∩ Y = ∅, and hence F \ G = ∅. In particular { i∈A B i : A ⊆ λ} \ { i∈A B i : A ∈ A} = ∅. 2 Definition 2.8. We say that a cardinal λ is a prevalent cardinal iff there exists a family A ⊆ P(λ) with |A| = λ and sup{|A|: A ∈ A} < λ such that any B ⊆ λ with |B| < cf(λ) is contained in some A ∈ A.
Thus, a singular cardinal λ is a prevalent cardinal iff ecf([λ] <cf(λ) ) = λ, and a regular cardinal λ is a prevalent cardinal iff it is a successor cardinal, hence the intuition that non-prevalent cardinals are rare. Notice that any singular cardinal of countable cofinality is a prevalent cardinal. Theorem 2.9. Assume that ℵ ω 1 is a prevalent cardinal.
Suppose X, τ is a topological space and d(X) = w(X) = ℵ ω 1 , then X, τ is not hereditarily Lindelöf.
To see that X is not hereditarily Lindelöf, it suffices to prove that Y contains a subspace which is not Lindelöf. For notational simplicity, let us just assume that X = Y . To simplify even further, we shall identify X with the cardinal ℵ ω 1 .
<ℵ ω 1 , there exists some nonempty B ∈ B such that B ⊆ X \ A. Thus, F := B \ {∅} is a nontrivial family, and it follows from Theorem 2.7 that:
Finally, any element of the latter is a non-Lindelöf subspace of X. 2
Another easy consequence of Theorem 2.7 is the following:
Corollary 2.10. (See [5] .) Suppose X, τ is a topological space.
If d(X) is a singular cardinal, then o(X) > d(X).
Evidently, Theorem 2.9 is a special case of a somewhat more general result. To state the result in its general form, recall that if X, τ is a topological space, then its net-weight, denoted nw(X), is the minimal cardinality of a collection N ⊆ P(X) such that τ ⊆ { A | A ⊆ N }.
Let us now consider the restricted-to-a-cardinal version of net-weight. Proof. The proof simply combines the ideas appearing in the proofs of Theorems 2.7 and 2.9. We may assume that X = λ, and define ψ : P(λ) → P (λ) by letting ψ(A) = A for all A ⊆ X. Towards a contradiction, assume that N is a collection of cardinality λ witnessing nw cf(λ) = λ. Then N \ {∅} is ψ-untacked, and we may appeal to Lemma 2.6 to find F ⊆ { U: U ⊆ N } which is ψ -untacked, λ-pinned, and
By V ∩ Y = ∅ and the choice of Y , we must conclude that V / ∈ F . On the other hand, F is ψ -untacked, thus there exists a set U ∈ F such that Y ∩ U = ∅. In particular, U ⊆ V , and then V ∈ F . A contradiction. 2
Finally, let us isolate the following consequence of GCH.
Definition 2.13 (PSH).
The prevalent singular cardinals hypothesis states that any singular cardinal is a prevalent cardinal.
Equivalently, PSH states that ecf([λ] <cf(λ) ) = λ for any singular cardinal λ. By Hausdorff's lemma, GCH is equivalent to the statement "λ <cf(λ) = λ for any cardinal λ", thus PSH is indeed a weakening of GCH.
In contrast to [1] , however, unless there is an inner model with a proper class of measurable cardinals, PSH will eventually hold, that is, there would exist a cardinal χ such that any singular cardinal λ > χ is a prevalent cardinal.
Discussion and open problems
An immediate corollary of Theorem 2.7 is the following. If F is a nontrivial family over λ, and |F| = λ, then:
As one might suspect, it is impossible to replace "<" with " " in the preceding. The following is a simple example. Of more interest is, obviously, the following special case:
Question 2. Is it consistent (modulo the consistency of "ℵ ω 1 is non-prevalent") that there exists an hereditarily Lindelöf space of density and weight ℵ ω 1 ?
